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The concept of ‘‘elementary’’ volume and ‘‘micro structural support length’’ was introduced many years ago by Neuber.
Neuber formulated the idea that, also in the presence of a sharp notch, a generic material is sensitive to a ﬁctitious root
radius whose value is only simply correlated to the ‘micro-structural support length’ and to the multiaxiality of the stress
state. On the other hand, Rice’s J-integral is a commonly used elastic and elastic-plastic fracture parameter for the descrip-
tion of the local ﬁelds in the neighbourhood of stress concentrations and for the study of crack initiation and propagation.
In order to be applied to un-cracked geometries, J-integral needs a path deﬁnition. A particular control area, which
embraces the tip of sharp and blunt notches, is deﬁned here, and over that area the mean value of the strain energy
E(e) and J-integral are determined under Mode I loading. The semi-moon-like area X adapts itself as a function of the
notch geometry leaving unchanged its depth Rc measured on the notch bisector line. The variability of the E
(e)/J ratio ver-
sus Rc is analysed considering sharp V-notches as well as blunt notches with a semicircular root and an opening angle rang-
ing from 0 to 135. The analyses demonstrated that a linear law permits a link between the two parameters in the case of
sharp V-notches and blunt V-notches with a large opening angle. By decreasing the angle, the linear law is valid only as a
ﬁrst approximation, due to the increasing inﬂuence of two elliptic integrals in the analytical formulation of J. Some elastic-
plastic analyses limited to V-notches with a large opening angle conﬁrm those ﬁndings.
 2006 Elsevier Ltd. All rights reserved.
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Rice’s J-integral is a commonly used elastic-plastic fracture parameter (Rice, 1968) for the description of
the local elastic-plastic ﬁelds in the neighbourhood of stress concentrations and for the study of crack initia-
tion and propagation. Numerical methods make it possible to evaluate the J-integral for any crack and body0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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evaluating J apply an area integration for two-dimensional problems and a volume integration for three-di-
mensional problems. Area and volume integrals provide much better accuracy than contour and surface inte-
grals and are much easier to implement numerically (Anderson, 2005). In parallel, since numerical analyses are
expensive and time-consuming, simpliﬁed approaches for engineering calculations have been developed (see
Matvienko and Morozov, 2004; and references reported therein).
When the components exhibit a linear elastic behaviour, J ¼ K2I=E0 under Mode I loading and
J ¼ ðK2I þ K2IIÞ=E0 under mixed mode loading, where E 0 is the elastic modulus E under plane stress conditions
and the modiﬁed elastic modulus E/(1  m2) under plane strain conditions. The above J-integral corresponds
to the ﬁrst component of vector Ji, as deﬁned by Budiansky and Rice (1973). The second component is equal
to J2, the expression J 2 ¼ 2ðKIKIIÞ=E0 being valid. The potential release rate G, which can be interpreted as
the crack driving force, depends both on J1 and J2, according to the expression G = J1cosa + J2 sina, where a
is the virtual cracking angle (Ma and Korsunsky, 2005).
When a sharp V-notch is present, the local stress components follow Williams’ exact solution (Williams,
1952) and the intensity of the stress ﬁeld in the vicinity of the point of singularity is generally quantiﬁed by
means of the Notch Stress Intensity Factors (NSIFs, Gross and Mendelson, 1972). Diﬀerently from the
crack-case, there is no possibility to correlate the J-integral to the NSIFs of sharp V-notches, mainly because
the J-integral is dependent on the arbitrary selected close contour connecting two points of the V-notch sur-
faces. However, as soon as the radius r of a semicircular path, at power 2k1  1, is used to normalize J (the
path being fully included in the zone governed by the Mode I singularity 1  k1), the parameter JL ¼ J=r2k11
returns to be path-independent (Lazzarin et al., 2002). It is clear that, diﬀerently from the crack case, the
straight ﬂanks of the notch and not only the V-notch tip contribute to J and JL. The size of the zone governed
by the Mode I singularity depends on the V-notch opening angle and the ligament width. As the angle increas-
es, so does the zone size, with a minimum value of about 0.025 times the notch depth in the crack case (Dunn
et al., 1997a,b), at least when the ligament width is large enough to exclude the transition between the local
and the nominal stress ﬁelds.
Recently, the J-integral’s properties were analyzed with reference to uncracked U- and blunt V-notches by
means of analytical and numerical analyses (Livieri, 2003; Chen and Lu, 2004; Matvienko and Morozov,
2004). In particular, Livieri (2003) demonstrated that if an appropriate integration path is chosen, there always
exists an operator JLq that is invariant with respect to a particular semicircular path and coincides with
JL ¼ J=r2k11 pertaining to a sharp V-notch of the same depth. The operator JLq was later correlated to
the relevant NSIF both of the blunt notch and the sharp notch, and make it possible to estimate the stress
concentration factor Kt for a blunt V-notch.
The contribution to J provided by the notch ﬂanks and the semicircular arc describing the notch root was
discussed in detail also by Chen and Lu (2004). By using the Ji vector, they conﬁrm that the J-integral for a
blunt V-notch is always path dependent, whereas for a U-notch the path independence of J requires that the
integration path completely encloses the notch root even if the remote loading is symmetric. Chen and Lu
wrote that the contribution to J induced by the arc describing the notch root might explain why there is a large
scatter in the toughness and fatigue data measured by means of the compliance technique by diﬀerent
researchers for nominally identical materials. In situations where a short crack has initiated from the notch
tip the conclusion should hold true, although the contribution to J induced by the arc should be smaller than
that calculated in the absence of the crack (Chen and Lu, 2004). Since the value of J is sensitive to the release
of the stress concentration near the notch root due to a short crack, then as soon as a crack has initiated from
the notch tip, the value of J changes if evaluated by considering the same semicircular arc used to analyse the
uncracked geometry. The initial variation with respect to the uncracked case may be positive or negative,
depending on the notch severity.
The calculation of the J-integral for a body with a U-notch has been performed also by Matvienko and
Morozov (2004) considering an elastic and elastic–plastic behaviour of the material. The integration path
was the complete semicircular contour of the notch. An expression was obtained that makes it possible to
determine the maximum intensity of stress and strain on the surface of the notch using the notch radius, some
mechanical properties of the material (yield stress and strain hardening exponent) and the J-integral. The ten-
dency of the J/Je ratio (Je being the value of the J-integral when the behaviour is ideally linear elastic) was
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Fig. 1. Control volume (area) for sharp V-notch (a), crack (b) and blunt V-notch (c) under Mode I loading.
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than the radius of curvature of the notch.
However, with the exception of the crack case, J does not quantify what happens at the notch tip but rather
what happens along a line embracing the highly stressed zone in the vicinity of the notch tip. The greatest
problem for the evaluation of a critical value of J suitable to classify the severity of a notch is to ﬁnd a direct
link between the integration path radius and some fundamental properties of the material.
The concept of ‘‘elementary’’ volume and ‘‘micro structural support length’’ was introduced many years
ago by Neuber (1958). Neuber formulated the idea that also in the presence of a sharp notch the material
is sensitive to a ﬁctitious root radius qf. The radius qf is equal to q + se (Neuber, 1958), being q the real value
of the notch radius (q = 0 for a sharp notch), s a factor that takes into account the state of multiaxility and e
the ‘micro structural support-length’. This length exclusively depends on the material, in particular on its frac-
ture toughness and ultimate tensile strength according to the expression e = (KIc/rt)
2/(2p) (Neuber, 1985).
The concept of ‘elementary volume’ was reconsidered in some recent papers where the strain energy density
was evaluated over a given ﬁnite size volume surrounding the tip of sharp and blunt V-notches subjected to
Mode I loading. By using the mean value of the strain energy density (SED), the static strength properties of
brittle components weakened by sharp V-notches (Lazzarin and Zambardi, 2001; Yosibash et al., 2004) and
blunt V-notches (Lazzarin and Berto, 2005a) subject to Mode I loading were treated in a uniﬁed manner, as
were the high cycle fatigue strength properties of welded joints made of steels or aluminium alloys (Lazzarin
et al., 2003; Livieri and Lazzarin, 2005). The control volume suggested in (Lazzarin and Berto, 2005a) adapts
itself as a function of the notch root q and the opening angle 2a, whereas its maximum width, measured along
the notch bisector line, equals the material parameter Rc, which does not depend on the notch shape (Fig. 1).
Rc depends on the ultimate tensile strength and the fracture toughness KIC in the case of static loads and brittle
materials, on the plain specimen fatigue limit and on the threshold behaviour DKth in the case of structural
materials under high-cycle fatigue loads where a linear elastic behaviour is assured.
The main aim of this paper is to create a bridging between the elastic strain energy E(e) in the critical volume
as deﬁned in (Lazzarin and Berto, 2005a) and the J-integral. Close form expressions correlating E(e), J, Rc and
the mode I NSIF will be given for blunt U-notches and sharp V-notches under mode I loading. In the case of
blunt V-notches, due to algebra complications, the link among the parameters involved will be presented by
means of graphic aids.2. Analytical preliminaries
With reference to the polar coordinate system shown in Fig. 2, mode I stress components for blunt V-notch-
es can be expressed as (Filippi et al., 2002):rij ¼ a1 rk11 fij h; að Þ þ rr0
 l1k1
gij h; að Þ
" #
ð1Þwhere l1 < k1 for hypothesis. The parameter a1 can be linked either to the Notch Stress Intensity Factor
(NSIF) KV1 in the sharp V-notch cases or to the maximum elastic stress at the notch tip, rmax, in the blunt
notch case. Moreover, the distance r0 depends on the notch angle according to the expression (Neuber,
1958; Lazzarin and Tovo, 1996)
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Fig. 2. Polar coordinate system and stress components.
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CCCA ð4ÞAll parameters k1, l1, vb1, vc1, vd1 have closed form expressions (Filippi et al., 2002) but here, for the sake of
brevity, only their values related to some notch opening angles are listed in Table 1. The eigenfunctions fij de-
pend only on the ﬁrst eigenvalue k1 (Williams, 1952), which controls the sharp, zero radius, notch case. The
eigenfunctions gij depend on l1 and k1. Since l1 < k1, the contribution due to l-dependent terms prevails in the
vicinity of the notch tip but rapidly decreases with the increase of the distance from the notch tip. The solution
provided by Eqs. (1), (3), and (4) is approximate, because the boundary conditions were such to satisfy the
stress state at the notch tip and Williams’ conditions related to the V-notch angle along the free edge, far from
the notch tip.
The degree of accuracy of the solution, which was found very satisfactory in (Filippi et al., 2002; Lazzarin
and Berto, 2005a; Lazzarin and Filippi, 2006), will be checked in the next section of this paper, by comparing
all the elastic parameters derived from Eqs. (1), (3), and (4), i.e. J and local strain energy EðeÞ1 , with results from
FE analyses. Finally it is worth noting that those equations match the exact solutions by Williams and West-
ergaard for sharp V-notches and cracks, respectively, as well as Creager–Paris’ solution for parabolic notches
(Williams, 1952; Westergaard, 1939; Creager and Paris, 1967).1
eters for stress distributions, Eqs. (1), (3), (4), and local strain energy, Eq. (17)
] q k1 l1 vb1 vc1 vd1 ~x1
2.0000 0.5 0.5 1 4 0 1
1.8333 0.5014 0.4561 1.0707 3.7907 0.0632 1.034
1.7500 0.5050 0.4319 1.1656 3.5721 0.0828 1.014
1.6667 0.5122 0.4057 1.3123 3.2832 0.0960 0.970
1.5000 0.5448 0.3449 1.8414 2.5057 0.1046 0.810
1.3334 0.6157 0.2678 3.0027 1.5150 0.0871 0.570
1.2500 0.6736 0.2198 4.1530 0.9933 0.0673 0.432
1.1667 0.7520 0.1624 6.3617 0.5137 0.0413 0.288
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 46252.1. Strain energy for sharp V-notches
The parameter a1 in Eq. (1) can be given as a function of the Mode I NSIFTable
Integra
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0
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V
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p ð5Þwhere the NSIF obeys Gross and Mendelson’s deﬁnition (Gross and Mendelson, 1972)KV1 ¼
ﬃﬃﬃﬃﬃ
2p
p
lim
r!0
rhðr; h ¼ 0Þ½ r1k1 ð6ÞIn the presence of a notch tip radius equal to zero, the distance r0 is also zero and then all the terms propor-
tional to r/r0 in Eq. (1) vanish. In this case, Eq. (1) matches Williams’s solution (Williams, 1952; Filippi et al.,
2002).
In a plane case, the elastic strain energy density W(e)(r,h) varies under plane strain and plane stress condi-
tions. Under plane strain conditions, eigenfunctions fij and gij obey the following expressions:fzzðhÞ ¼ mðfhhðhÞ þ frrðhÞÞ gzzðhÞ ¼ mðghhðhÞ þ grrðhÞÞ ð7Þ
Conversely, plane stress conditions result in:fzzðhÞ ¼ gzzðhÞ ¼ 0: ð8Þ
Under plane strain conditions, the strain energy density is:W ðeÞ1 ðr; hÞ ¼
1
2E
r2ðk11Þ  K
V
1
 2
2p
f 2hh þ f 2rr þ f 2zz  2m fhhfrr þ fhhfzz þ frrfzzð Þ þ 2ð1þ mÞf 2rh
  ð9ÞTherefore, the total elastic energy included in the area having the radius Rc is (Fig. 1):EðeÞ1 ¼
Z
A
W ðeÞ1 dA ¼
Z Rc
0
Z þc
c
W ðeÞ1 ðr; hÞ  rdrdh ¼
I1
4Ek1
KV1
 2
R2k1c ð10Þwhere the integral I1 turns out to beI1 ¼ 1
2p
Z þc
c
f 2hh þ f 2rr þ f 2zz  2m fhhfrr þ fhhfzz þ frrfzzð Þ þ 2ð1þ mÞf 2rh
 
dh ð11ÞValues for I1 are reported in Table 2 as a function of the notch angle and of Poisson’s ratio m (Lazzarin and
Berto, 2005a).
When the material exhibits a brittle behaviour, the volume size depends both on the ultimate tensile
strength rt and on the fracture toughness KIC. Under plane strain conditions, a convenient expression for
the control radius is (Yosibash et al., 2004)2
l I1 for sharp V-notches, as a function of notch angle and Poisson’s ratio (plane strain conditions)
rees] c/p [rad] k1 I1
m = 0.3 m = 0.35 m = 0.4
1 0.5000 0.8450 0.7425 0.6300
11/12 0.5014 0.8366 0.7382 0.6301
7/8 0.5050 0.8247 0.7311 0.6282
5/6 0.5122 0.8066 0.7194 0.6235
19/24 0.5247 0.7819 0.7026 0.6152
3/4 0.5445 0.7504 0.6801 0.6024
17/24 0.5739 0.7124 0.6519 0.5849
2/3 0.6157 0.6687 0.6184 0.5624
5/8 0.6736 0.6201 0.5796 0.5344
7/12 0.7520 0.5678 0.5366 0.5013
19/36 0.9000 0.4957 0.4755 0.4523
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4p
KIC
rt
 2
ð12ÞUnder plane stress conditions, the expression becomes (Lazzarin and Berto, 2005b):Rc ¼ ð5 3mÞ
4p
KC
rt
 2
ð13Þ2.2. Strain energy for blunt V-notches
The parameter a1 in Eq. (1) can be linked to the maximum elastic stress at the notch tip. Then, by using the
expression of stress component rh along the notch bisector, one obtains (Lazzarin and Filippi, 2006)a1 ¼ rmaxr
1k1
0
1þ ð1þl1Þvd1þvc1
1þk1þvb1 ð1k1Þ
q
4 q1ð Þ
	 
n o ¼ rmaxr1k10
1þ ~x1 ð14Þwhere the parameter ~x1 assumes the values listed in Table 1.
The strain energy density can be expressed in the form (Lazzarin and Berto, 2005a):W ðeÞ1 ðr; hÞ ¼
1
2E
rmax
1þ ~x
 2 r
r0
 2ðk11Þ
~F k
(
þ r
r0
 2ðl11Þ
~Gl þ 2 rr0
 k1þl12
~Mkl
)
ð15Þwhere~F k ¼ f 2hh þ f 2rr þ f 2zz  2m fhhfrr þ fhhfzz þ frrfzzð Þ þ 2ð1þ mÞf 2rh
~Gl ¼ g2hh þ g2rr þ g2zz  2m ghhgrr þ ghhgzz þ grrgzzð Þ þ 2ð1þ mÞg2rh
~Mkl ¼ fhhghh þ frrgrr þ fzzgzz  m fhhgrr þ ghhfrr þ fhhgzz þ ghhfzzþfrrgzz þ grrfzzÞð þ 2ð1þ mÞfrhgrh
ð16ÞThe strain energy included in the semicircular sector X shown in Fig. 1 isEðeÞ1 ¼
Z
X
W ðeÞ1 dX ¼
I1
2E
ﬃﬃﬃﬃﬃ
2p
p
rmaxr
1k1
0
1þ ~x1ð Þ
" #2
ð17Þwhere I1 = Ik + Il + Ikl, the following expressions being valid:Ik ¼
Z þh
h
R2k12  R1ðhÞ2k1
	 

2k1
~F k dh;
Il ¼ ðr0Þ2ðk1l1Þ
Z þh
h
R2l12  R1ðhÞ2l1
	 

2l1
~Gl dh;
Ikl ¼ 2ðr0Þk1l1
Z þh
h
Rk1þl12  R1ðhÞk1þl1
	 

k1 þ l1
~Mkl dh:
ð18ÞThe contribution due to integral Ikl vanishes when 2a = 0. In general, I1 depends on two geometrical param-
eters, 2a and q, and on one material parameter, Rc.
With reference to the Fig. 3, the integration domain is included between two curves having a diﬀerent cur-
vature. Two radii, R1 and R2, describe the domain: the former radius follows the notch edge and then varies
with the angle h. Generally, it should describe the semicircular proﬁle of radius q and the two rectilinear seg-
ments, up to the intersection with R2. The latter radius, R2, is constant and has the centre located in correspon-
dence of the polar coordinate system. The distance r0 between the notch tip and the origin of the coordinate
system depends on the notch root radius q and opening angle 2a, according to Eq. (2). On the other hand, the
distance between the two radii, measured on the notch bisector line, is thought of as coincident with the mate-
rial property Rc.
a b
Fig. 3. Inner boundary of the integration contour including the semicircular arc at the notch root (a) and the rectilinear edge of the notch
(b).
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semicircular arc where the rectilinear path begins. When h < h*, the inner integration boundary has the follow-
ing equation:R1ðhÞ ¼ qq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2ðhÞ þ q2  1
p
 cosðhÞ
h i
ð19ÞIf the volume embraces also the rectilinear part of the notch, that is when h* < h < (p-a), the boundary
becomes:R1ðhÞ ¼ R1ðhÞ sinðh
Þ þ tanðaÞ  cosðhÞ
sinðhÞ þ tanðaÞ  cosðhÞ ð20ÞThe limit value of the angle is thenh ¼ arctan q cosðaÞ
q sinðaÞ  1
 
if
q cosðaÞ
q sinðaÞ  1
 
P 0
h ¼ p arctan  q cosðaÞ
q sinðaÞ  1
 
if
q cosðaÞ
q sinðaÞ  1
 
< 0
ð21Þ2.3. J-integral applied to sharp V-notches
As is well known, the J-integral (Rice, 1968), is a powerful tool useful for analysing the behaviour of bodies
weakened by cracks and crack-like defects. In the context of a plane problem, by assuming a Cartesian coor-
dinate system with the x–x axis coincident with the crack direction, the J-integral expression turns out to be:J ¼
Z
C
W dy  T  ou
ox
ds
 
ð22Þwhere C is a curve surrounding the notch tip and the integral is evaluated in a counter clockwise sense.W is the
strain-energy density, T is the traction vector deﬁned according to the outward normal along C, u the displace-
ment vector. Rice was able to demonstrate that J is zero for every close path. This fundamental property
directly implies that the J value determined along an open path of which the extremes belong to the faced sur-
faces of a crack is independent from the C choice.
Dealing with sharp V-notches subject to Mode I loading, it was demonstrated that the ratio J=r2k11 does
not depend on the integration path but only on the V-notch angle 2a (Fig. 2). (Lazzarin et al., 2002)JL ¼ Jr2k11 ¼
frrﬃﬃﬃﬃﬃ
2p
p
 2
sinðcÞ
2k1  1
ðKV1 Þ2
E0
¼ J ðK
V
1 Þ2
E0
ð23ÞValues of J are summarised in Table 3 as a function of the notch angle 2a.
Table 3
Parameters useful for the evaluation of stress distributions
2a [rad] k1 b1r frr J
0 0.500 0 0.000 1
p/6 0.501 0.106 0.266 0.993
p/3 0.512 0.214 0.536 0.943
p/2 0.544 0.320 0.802 0.812
2p/3 0.616 0.399 1.000 0.597
3p/4 0.674 0.422 1.058 0.474
5p/6 0.752 0.431 1.080 0.355
bir and frr referred to the traction-free edges of the notch.
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In a recent contribution (Livieri, 2003), the J-integral has been evaluated numerically for blunt U- and V-
notches under mode I loading. In the U-notch case, the numerical value has been compared with that obtained
analytically, considering a parabolic notch and using Creager–Paris’ equations.
Livieri (2003) wrote the J-integral in the form:J ¼
Z
C
W dy  T  ou
ox
ds
 
¼ 2
Z h
0
W dðqh sin hÞ ¼ 2
Z h
0
1
2
r2v
E0
dqh
dh
sin hþ qh cos h
 
dh ð24Þwhere qh was the radius describing, in the polar coordinate system, the free edge of the notch as a function of
the angle h (qh ¼ R1ðhÞ, see Fig. 3) and rv was the stress component parallel to the edge of the notch, expressed
in the Neuber curvilinear (u–v) coordinate system.
That stress component can be given as a function of stress components (Neuber, 1958):rv ¼ 1
2
rrr þ rhhð Þ  1
2
rrr  rhhð Þ cos 2hq þ rrh sin
2h
q
ð25ÞOnly the stress component rv is diﬀerent from zero on the edge notch. If the integration is carried out along
the free edge of the notch, also vector T is equal to zero, and the only contribution to J is given by Wdy, see
Eq. (22).
For hyperbolic notches qh has the following form (Livieri, 2003):qh ¼ q q 1q
 
1
cosq hq
	 
 ð26Þ
When 2a = 0, then q = 2, and the notch edge becomes a parabolic notch. In this case:qh ¼ q
2
1
cos2 h
2
  ð27Þ
For a parabolic notch Eq. (1) simpliﬁes and matches Creager–Paris’ equations (Creager and Paris, 1967; Filip-
pi et al., 2002). Eqs. (26) and (27) will be used in one of the next sections of the paper (see Fig. 11).
For blunt V-notches we consider here the control volume as deﬁned by the present authors (Lazzarin and
Berto, 2005a), drawn in agreement with some strain energy contour lines from FE analyses and taking full
advantage of the analytical frame. We consider an integration path sum of a semicircular path (with
R1ðhÞ ¼ qh, see Eq. (24)) and a rectilinear path, as was already done for local energy calculations, Eqs. (19)
and (20), and continue to use the approximate Eq. (1).
Eq. (24) can be rewritten as follows:J ¼ 2
Z h
0
1
2
rrr þ rhhð Þ  12 rrr  rhhð Þ cos 2hq þ rrh sin 2hq
	 
2
2E0
dR1ðhÞ
dh
sin hþ R1ðhÞ cos h
 
dh ð28Þ
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path described by R1(h) is equal in modulus to that evaluated on the path described by R2. The analytical cal-
culation is easier in the former case, because along the free edge only the stress component parallel to the edge
is diﬀerent from zero, whereas T = 0.
It is important to observe that in the case of a blunt V-notch, J is dependent on the two points of the notch
edges selected to deﬁne the contour; once these two points have been chosen, every path is characterized by the
same value of J. On the contrary, the elastic strain energy EðeÞ1 is obviously dependent on the control volume
deﬁnition. In the following sections, the ratio EðeÞ1 =J will be plotted considering the control volumes shown in
Fig. 1b–c, already used in the past to characterise the strength of components under static and under fatigue
loading.3. Equations correlating the J-integral and the strain energy in a ﬁnite size volume surrounding the sharp V-notch
tip
Consider a sharp V-notch under mode I loading. Under plane strain conditions the strain energy in the area
A is:EðeÞ1 ¼
Z
A
W ðeÞ1 dA¼
I1
4Ek1
 KV1
 2 R2k1c
¼ K
V
1
 2 R2k1c ð1þ mÞ
2pEk1ðk1 1Þ 1þ k1þ vb1ð1 k1Þ
 2
 cðk1  1Þ 3 4mþ v2b1 þ ðk1  2Þk1 1þ v2b1
	 
h i
 vb1ðk1 1Þ3 sinð2cÞ þ ð1 2mÞ sin 2cðk1 1Þ½ 
n o
ð29ÞUnder plane stress conditions the strain energy becomes:EðeÞ1 ¼
Z
A
W ðeÞ1 dA ¼
1
E
I1ðcÞ
4k1
 KV1
 2  R2k1c ¼ KV1
 2  R2k1c
2pEk1ðk1  1Þ 1þ k1 þ vb1ð1 k1Þ
 2
 3c cmþ cðk1  2Þk1ð1þ mÞ þ cv2b1 þ cv2b1 mþ ðk1  2Þk1ð1þ mÞ½ 
n
ðk1  1Þ2ð1þ mÞvb1 sinð2cÞ 
ðm 1Þ sin 2cðk1  1Þ½ 
ðk1  1Þ
 ð30ÞNow the aim is to ﬁnd an expression linking the local energy in the control volume (area) of radius Rc and J
(evaluated on the perimeter of the structural volume). By using Eqs. (28)–(30), one obtains:EðeÞ1
J
¼ 1
4ð1 m2Þk1
I1ðc; mÞ½ plane strain
J
Rc ð31Þfor plane strain conditions, andEðeÞ1
J
¼ 1
4k1
I1ðc; mÞ½ plane stress
J
Rc ð32Þfor plane stress conditions.
In Eqs. (31), (32) [I1(c,m)]plane strain and [I1(c,m)]plane stress are according to Eq. (11), considering
fzz = m(fhh + frr) under plane strain hypotheses and fzz = 0 under plane stress hypotheses. It is also important
to note that the angular integral I1 depends on the value of the Poisson ratio m.
By using Eqs. (29), (30) for EðeÞ1 and Eq. (28) for J it is now possible to ﬁnd a closed form expression cor-
relating the strain energy in the structural volume of radius Rc and J.
Under plane strain conditions one obtains:
Table
Coeﬃc
2a [rad
0
p/6
p/3
p/2
2p/3
3p/4
5p/6
4630 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645EðeÞ1
J
¼ ð2k1  1ÞcosecðcÞRc
k1ðk1  1Þðm 1Þ ðk1  1Þvb1 cos½cðk1 þ 1Þ  ðk1  3Þ cos½cðk1  1Þ
 2
 ðk1  1Þ cðk1  1Þð3 4mþ v2b1 þ ðk1  2Þk1ð1þ v2b1ÞÞ þ vb1ðk1  1Þ
2 sinð2cÞ
h in
ð1 2mÞ sin 2cðk1  1Þ½ g
ð33ÞUnder plane stress conditions the expression becomes:EðeÞ1
J
¼ ð2k1  1ÞcosecðcÞRc
k1ðk1  1Þ ðk1  1Þvb1 cos½cðk1 þ 1Þ  ðk1  3Þ cos½cðk1  1Þ
 2
 cðk1  1Þ 3 mþ k1ðk1  2Þðmþ 1Þ þ v2b1 þ v2b1ðmþ k1ðk1  2Þðmþ 1ÞÞ
h in
 ðk1  1Þ3ð1þ mÞvb1 sinð2cÞ  ðm 1Þ sin½2cðk1  1Þ
o
ð34ÞEqs. (33) and (34) demonstrate the existence of a linear relation between EðeÞ1 to the J ratio and the radius Rc.
The angular coeﬃcient of the linear law, deﬁned as k hereafter, depends on the angle 2a and the Poisson ratio
m. ThenEðeÞ1
J
¼ kð2a; mÞRc ð35ÞWith reference only to plane strain conditions, Table 4 lists k as a function of 2a and m. Diﬀerent values for k
can be easily obtained under plane stress conditions.
In the crack case (2a = 0) and plane strain conditions, Eq. (33) gives:EðeÞ1
J
¼
5
8
 m
1 mRc ð36ÞIn the crack case and plane stress conditions Eq. (34) becomesEðeÞ1
J
¼ 5 3m
8
Rc ð37ÞTheoretical predictions based on Eq. (33) have been checked by means of a number of FE analyses taking into
account the inﬂuence of the opening angle 2a (Fig. 4) and the Poisson ratio m (Fig. 5) under plane strain con-
ditions. All the models (with U- and V-shaped notches, blunt or sharp) have been analysed under tensile load-
ing, applying a constant nominal stress on the gross area far away from the notched zone.
All the FE analyses were carried out by using Ansys 9.0 and the quadratic isoparametric element Plane 82.
The geometry of the models is shown in Figs. 4 and 5. Due to the double symmetry conditions (see Fig. 4),
only one quarter of the geometry was considered in the analyses. A very ﬁne mesh was used in the highly
stressed region.4
ient k of Eq. (35) for diﬀerent values of the Poisson’s ratio
] k
m = 0.3 m = 0.35 m = 0.4
0.464 0.423 0.375
0.462 0.422 0.377
0.459 0.424 0.384
0.466 0.438 0.406
0.500 0.479 0.455
0.534 0.517 0.498
0.584 0.573 0.559
Fig. 4. Plots of the strain energy in the control area to J ratio under plane strain conditions.
Fig. 5. Eﬀect of the Poisson’s ratio on EðeÞ1 =J (V-notch angle 2a = 60, plane strain conditions).
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 4631By means of the FE analyses, EðeÞ1 and J were separately evaluated and later the ratio between the two
parameters was compared with the theoretical trend given by Eq. (33). The agreement was found to be very
good.
The coeﬃcient k shows small variations when the angle is less than 90 (Fig. 4 and Table 4), and then pro-
gressively increases. The inﬂuence of m is more pronounced in the presence of small opening angles (Table 4),
almost absent for large opening angles (Table 5).
4. Expressions of the J-integral for U-shaped notches
When the notch angle is zero, Eq. (1) coincides with Creager–Paris’ solution (1967), where the generalised
notch stress intensity factor is (Irwin, 1957; Glinka, 1985):K1q ¼ rmax
2
ﬃﬃﬃﬃﬃ
pq
p ð38ÞThe aim is to determine J in the presence of a semicircular notch edge described by the following equation:
Table 5
Values of C(h*) in Eq. (48) for diﬀerent opening angles
2a [rad] h* [rad] C(h*)
0 2.0344 0.8153
p/6 1.8593 0.8671
p/4 1.7723 0.8569
p/3 1.6858 0.8194
p/2 1.5137 0.6596
2p/3 1.3428 0.4103
3p/4 1.2577 0.2739
5p/6 1.1729 0.1483
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2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2ðhÞ þ 3
p
 cosðhÞ
h i
ð39ÞSince the contribution to J is zero along the parallel edge of the U-notch (the traction vector T as well as the
variation dy being zero on the free edge of the notch), only the notch root contributes to J.
Along a semicircular path, the stress component rv in the polar coordinate system turns out to be:rv ¼ K1q
q
1
2
 cos
h
2
5þ cosð2hÞ þ 3 ﬃﬃﬃ2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ7þ cosð2hÞp  cosðhÞ 6þ ﬃﬃﬃ2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ7þ cosð2hÞp  
4
ﬃﬃﬃ
p
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3þ cos2ðhÞp  cosðhÞ 32 ð40ÞThen, by using Eq. (28), one obtains:J ¼ 2ðK1qÞ
2
E0
Z h
0
cos2 h
2
 
5þ cosð2hÞ þ 3 ﬃﬃﬃ2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ7þ cosð2hÞp  cosðhÞ 6þ ﬃﬃﬃ2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ7þ cosð2hÞp  2
64p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3þ cos2ðhÞp cosðhÞ  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3þ cos2ðhÞp 2
 cosðhÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3þ cos2ðhÞ
p
þ sin2ðhÞ
h i
dh ð41ÞEq. (41) holds true for h 6 p  arctan(2), the upper limit representing the point located between the rectilinear
and the semicircular paths. Beyond that angle (h* = p  arctan(2)), J is constant.
By integrating Eq. (41) one obtains:J ¼ ðK1qÞ
2
E0
1
4608p
1820hþ 6464 arctan
ﬃﬃﬃ
2
p
sinðhÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ cosð2hÞ
q
0
B@
1
CA
2
64  4480E_ h; 1
4
 
þ 5568F
_
h;
1
4
 
þ 2920 sinðhÞ  269
ﬃﬃﬃ
2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ cosð2h
q
Þ sinðhÞ þ 352 sinð2hÞ þ 120
ﬃﬃﬃ
2
p
sinð2hÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ cosð2hÞ
q
120 sinð3hÞ  9
ﬃﬃﬃ
2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ cosð2h
q
Þ sinð3hÞ þ 9 sinð4hÞ

ð42ÞEq. (42) contains two elliptic integrals, E
_
and F
_
, deﬁned as followsE
_ð/;mÞ ¼ E_ð/jmÞ ¼
Z /
0
½1 m sin2ðhÞ12 dh
F
_ð/;mÞ ¼ F_ð/jmÞ ¼
Z /
0
½1 m sin2ðhÞ12 dh
ð43Þwhere m = 1/4 in the case of a U-notch.
Fig. 6 plots the elliptic functions E
_
and F
_
against the angle h.
In order to plot the elliptic functions as a function of the radius Rc, one can use an expression that makes
explicit the link between the integration angle h and the radius Rc, derived by imposing R1ðhÞ ¼ R2 ¼ Rc þ q=2:
Fig. 6. Elliptic integrals plotted as function of the extreme of integration, h.
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q
2
 2  3
4
q2
q Rc þ q2
 
" #
ð44ÞThe results are shown in Fig. 7, where the elliptic functions E
_
and F
_
are plotted against the control radius Rc.
For a U-shaped notch, the maximum value of J is obtained by imposing h ¼ h in Eq. (42), so that:Jmax ¼ 0:815 ðK1qÞ
2
E0
ð45ÞIt is worth noting that 0.815 is very close to the coeﬃcient 0.785 obtained numerically by Livieri (2003) by
means of FE analyses, the diﬀerence being 3.8%. Livieri highlighted the fact that the numerical coeﬃcient
was very diﬀerent from that obtained analytically (1.009) by applying Creager–Paris’s equations to a parabolic
notch described by Eq. (27). Calculations reported here demonstrate that the diﬀerence, 28%, was mainly due
to the diﬀerent geometry of the notch and not to the use of Creager–Paris’ equations. In fact, the greatest con-
tribution to J is due to the points of the arc that are close to the notch bisector, where the geometry of a U-
notch and a parabolic notch are almost coincident.Fig. 7. Elliptic integrals plotted against the radius Rc.
Fig. 8. Comparison between analytical values of J based on Eq. (42) and FE results (plane strain).
4634 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645Eq. (42) has been checked with some FE analyses by applying a tensile load to a plate weakened by a U-
notch with q = 1.0 mm. Plane strain conditions have been considered. The geometry is shown in Fig. 8. Due to
the double symmetry of the model, only one quarter of the geometry was considered in the analyses. A very
ﬁne mesh was used in the highly stressed region of the components.
The results shown in Fig. 8 demonstrate that the agreement is very satisfactory.5. Some expressions for the J-integral applied to blunt V-notches
Due to the presence of function f having the form off ¼
Z /
0
 cos hþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  1þ cos2 h
p
q 1
 !d
dh ð46Þthe analytical integration is not possible for blunt V-notches.
With reference to an integration path limited to the semicircular arc of the notch (thus excluding the rec-
tilinear tract of the edge) the following relationship is valid for J:J ¼ ðK1qÞ
2
E0
1
32p 1þ k1 þ vb1ð1 k1Þ
 2
Z h
0
q  cosðhÞ þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ q2 þ cos2ðhÞp 
q
( )2ðk11Þ
 4ð1þ k1Þvb1 cos
hðqþ qk1  2Þ
q
 
þ 8 cosðh hk1Þ

þ 4ðk1  1Þ cos hþ 2hq  hk1
 
þ 1
q 1 q
 cosðhÞ þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ q2 þ cos2ðhÞp
q 1
 !l1k124
 vc1 cos
hðq 2þ ql1Þ
q
 
þ 2vd1 cosðhð1 l1ÞÞ þ vd1ðl1  1Þ cos hþ
2h
q
 hl1
  2
 q cosðhÞ  cosðhÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ q2 þ cos2ðhÞp 
q
þ
q sinðhÞ sinðhÞ  sinðhÞ cosðhÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þq2þcos2ðhÞ
p
 
q
8>><
>:
9>>=
>;dh ð47Þ
Fig. 9. Coeﬃcient C of Eq. (48) for diﬀerent notch opening angles (theoretical evaluation).The coeﬃcient C does not depend on the
Poisson’s ratio.
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 4635This equation can be solved numerically. The contribution of the rectilinear path can be evaluated by means of
Eq. (28) by using Eq. (20) for R1(h). In conclusion, the ﬁnal expression for J, including root and ﬂank con-
tributions, if present, isJ ¼ C K
2
1q
E0
q2k11 ð48Þwhere K1q represents the V-notch Stress Intensity Factor according to the expression (Lazzarin and Filippi,
2006):K1q ¼
ﬃﬃﬃﬃﬃ
2p
p
rmaxr
1k1
0
1þ ~x1 ð49ÞThe coeﬃcient C depends on the notch angle 2a and on the integration angle h, but not on Poisson’s ratio m.
For a V-shaped notch, the contribution due to the rectilinear path increases as the notch angle increases. By
keeping the angle 2a constant, it is possible to determine the coeﬃcient C, which does not depend on the notch
tip radius q and on the notch depth. The inﬂuence of these two geometrical parameters on J is fully included
into the product ðK1qÞ2q2k11.Fig. 10. Coeﬃcient C(h*) for diﬀerent notch opening angles.
Fig. 11. Comparison between J from FE analyses or Eqs. (1), (28). Path according to Eqs. (19), (20) for V-shaped notches or to Eq. (26)
for hyperbolic notch.
Fig. 12. Comparison between J from FE analysis or Eq. (48). Paths according to Eqs. (19) and (20).
4636 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645Plots of C versus the angle h are shown in Fig. 9. It is also possible to plot the coeﬃcient C(2a,h*) versus the
notch opening angle (see Fig. 10), h* being the angle in correspondence of the point at which the rectilinear
ﬂank of the notch begins.
Eq. (48) has been checked by means of a number of FE analyses. Fig. 11 compares FE results and theo-
retical predictions for V-notches by applying Eqs. (1) and (28) to a semicircular/rectilinear path. The compar-
ison is extended to a hyperbolic notch, by using the path described by Eq. (27). It is evident that Eq. (1)
provides satisfactory results when applied to a real V-notch and that the diﬀerence with respect to the hyper-
bolic notch is simply due to the diﬀerent notch geometry.
Fig. 12 shows the variability of J for diﬀerent opening angles. There is a good agreement between FE results
and the results obtained by means of Eq. (48), the maximum scatter being that of the model with 2a = 120.6. J-integral and local energy in blunt notches
Consider a U-shaped notch. Eq. (1) simpliﬁes and matches Creager–Paris’ solution. The closed form
expression for J has already been determined in a previous section of the paper, see Eq. (42). Now the aim
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 4637is to provide an explicit expression for the local energy. We can use Eq. (18) where only Ik and Il are diﬀerent
from zero for a U-notch. In particular, these parameters have the following expressions:Ik ¼
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ð54ÞFig. 13 plots J and the local energy for a U-shaped notch whereas the inﬂuence of the notch radius is shown in
Fig. 14 as a function of the control radius Rc. Unlike the sharp V-notch case, the law correlating the ratio
EðeÞ1 =J to Rc is not linear, because both the numerator and the denominator include terms proportional to
E
_ðh; 1
4
Þ and F_ðh; 1
4
Þ. There is an oscillating trend with respect to a straight line, as shown in Fig. 15, where a
comparison with Eq. (52) is made. The error is negligible for Rc < 0.25 mm, less than 10% for Rc close to 0.5.
Diﬀerently from the sharp V-notches, it is not possible to obtain closed form expressions correlating EðeÞ1
and J for blunt V-notches, due to the complexity of the algebra. It is however possible to use in combination
Eqs. (17), (48) and plot directly that ratio for any opening angle. A comparison is shown in Fig. 16 for
2a = 135. In general, when increasing the opening angle, the agreement between numerical and theoretical
results also increases, being here very satisfactory up to Rc = 1.0 mm.
Fig. 13. FEM results for U notches (plane strain conditions).
Fig. 14. Inﬂuence of control radius Rc and notch radius q on E
ðeÞ
1 =J (plane strain conditions).
4638 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645Figs. 17 and 18 plot J and the local energy in the control area of radius Rc for V-notches with diﬀerent
opening angles. In these ﬁgures both the notch radius and the notch depth are kept constant. By taking advan-
tage of the numerical results, Fig. 19 plots EðeÞ1 =J as a function of the integration path by means of Rc. Dif-
ferences are small when 0 < 2a < 90 and absent when Rc < 0.2 mm. This conﬁrms in energetic terms some
ﬁndings reported in previous papers (Nui et al., 1994; Atzori et al., 2001; Berto et al., 2004) which demonstrat-
ed that, for distances of less than 0.2q from the notch tip, stress distributions along the notch bisector depend
only on the notch root and not on the opening angle.
The eﬀect of the notch radius on EðeÞ1 =J - Rc plots is shown in Fig. 20, considering the angle 2a = 135. Like
for the U-notch shown in Fig. 14, it is possible to note a clockwise rotation of the curves with respect to the
sharp notch case, q = 0. A variation of q results in a variation of EðeÞ1 =J less pronounced in the case 2a = 135
than in the case 2a = 0.
EðeÞ1 =J versus Rc is not, strictly speaking, a linear law. There is an oscillating trend with respect to a straight
line, but the oscillation strongly decreases as the notch angle increases (Fig. 21a and b). This happens because
an increase of the opening angle results in a decrease of the contribution of the circular tract with respect to
that of the rectilinear tract. In fact when the opening angle increases, the angle h* that characterizes the point
Fig. 15. EðeÞ1 =J : Comparison between Eq. (52) and FE results (U-notches, plane strain conditions).
Fig. 16. EðeÞ1 =J : Comparison between theoretical calculations based on Eqs. (17), (48) and FE results (V-notch with 2a = 135,
K1q = 74.70 MPa(mm)
0.326, plane strain conditions).
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 4639of transition between the semicircular arc and the rectilinear edge decreases. So the trend tends to what was
already obtained for sharp V-notches, although the notch radius slightly inﬂuences the slope of the curve, as
shown in Fig. 20. This fact is due to the decreasing weight of the elliptic functions in the evaluation of EðeÞ1 =J .7. J-integral and local energy for a material obeying a power hardening law
Some analyses were carried out by means of ANSYS code considering a strain hardening material to
investigate the possible tie between J and E1 also under an elastic-plastic behavior. The geometry considered
corresponded to a symmetric specimen weakened by V-notches and subjected to tensile loading. The opening
angle was chosen equal to 135 and two diﬀerent notch radii were used for the analyses, q = 0 and q = 1 mm,
respectively.
Taking into account the symmetry of the problem, only a quarter of the geometry was modeled by using
quadratic isoparametric elements (Plane 82). A very reﬁned mesh was used, 105 mm being the size of the
Fig. 17. FE results for V-shaped notches (plane strain conditions).
Fig. 18. FE results for V Notches (plane strain conditions).
4640 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645smallest elements at the notch tip. Let us assume for the material the Ramberg–Osgood law, according to
which the uniaxial tensile strain e is related to the uniaxial stress r according to the expression.e ¼ r
E
þ r
K
	 
n
ð55Þwhere 1 6 n 61. The analyses were carried out under plane strain conditions by introducing into the stress–
strain curve E = 206 GPa, K = 600 MPa, n = 4 and m = 0.3. These values are representative of AISI 1008 steel
(Schey, 1987).
Very diﬀerent loads were applied in order to show the trend of E1/J versus Rc not only under small scale
yielding but also under large scale yielding. In the cases of rnom = 400 MPa for q = 1 mm and
rnom = 200 MPa for the sharp notch the nominal applied stress was much higher than the 0.2% oﬀset yield
strength (r0 = 120 MPa) so the entire net area of the specimen was interested by plasticity.
The law correlating the ratio E1=J to Rc is linear (see Fig. 22) and does not depend on the nominal applied
stress; moreover it is slightly inﬂuenced by the notch radius that changes the slope of the straight line. It is also
interesting to note that the slope k of the sharp V-notch is quite close to the linear elastic value reported in
Fig. 19. Strain energy (in the control area) to J ratio for V-notched models (plane strain conditions).
Fig. 20. Eﬀect of Rc and notch radius q on E
ðeÞ
1 =J (plane strain conditions).
F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645 4641Table 4. Therefore under a linear-elastic condition as well as under small or large scale plasticity, the ratio
between the two quantities remains substantially the same. Further analyses should be carried out to investi-
gate more accurately this property.
8. Possible applications for U-shaped notches
Fig. 23 summarises critical values of the external load as obtained by Go´mez and Elices (2004, 2005) by
testing under three point bending at 60 C specimens made of PMMA. The notch root radius ranged from
0.2 to 4 mm. The material’s properties were: Young’s modulus E = 5290 MPa, Poisson’s ratio m = 0.4, ulti-
mate tensile strength ru = 130 MPa, fracture toughness KIC ¼ 1:7 MPa
ﬃﬃﬃﬃ
m
p
. According to Eq. (10), the control
radius Rc is 0.035 mm.
For this material and these geometries, the mean value of the strain energy density W ¼ EðeÞ=X can be
linked to J and to the integration path by means of the expression:W  J
arcðAB
_
CÞ
ð56Þ
ab
Fig. 21. Oscillations due to elliptic integrals of Eð eÞ1 =J with respect to linear law. Opening angles: 2a = 60 (a) and 2a = 150 (b).
Fig. 22. E1/J trend under elastic–plastic conditions.
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Fig. 23. Critical load Fcr versus notch radius q, comparison between theoretical predictions and experimental data for specimens made of
PMMA tested at 60 C (from Go´mez and Elices, 2004). Elastic modulus E = 5290 MPa, Poisson’s ratio m = 0.4, ultimate tensile strength
ru = 130 MPa, fracture toughness KIC = 1.7 MPa m
0.5. Predictions based on constant values of W c ¼ r2u=2E ¼ 1:60 MJ=m3 and
Rc = 0.035 mm.
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_
CÞ is the path shown in Fig. 23. Eq. (56) is valid for q equal to or greater than 0.2 mm. The
experimental values are compared with prediction based on Eq. (56) by setting a priori
W ¼ W c ¼ ðruÞ2=2E ¼ 1:60 Nmm=mm3, as done in (Lazzarin and Berto, 2005a). The agreement is found to
be satisfactory. This creates a strong, precise link among J, the mean value of the strain energy density W and
the control radius Rc.
In general for any material and notch geometry, including the crack case, it is always possible to writeW ¼ b J
arcðAB
_
CÞ
ð57Þwith a convenient value of b. The variability of b as a function of the notch geometry and the material’s prop-
erties will be considered in a next contribution.
9. Conclusions
The main aim of the paper was to create a link between Rice’s J-integral and strain energy density in a given
control volume under Mode I loading. The control volume, which is reduced to a control area in plane prob-
lems, changes from a crack to a sharp notch and a blunt notch but it leaves unchanged its depth Rc measured
on the notch bisector line. Rc depends on the material and not on the notch, as happens for Neuber’ ‘micro-
structural support length’.
Linear elastic analyses showed that:
• In the case of sharp V-notches, the ratio EðeÞ1 =J versus Rc is a linear law. The slope of the diagram depends
on the V-notch opening angle (which ranged from 0 to 135) and on Poisson’s ratio;
• In the case of a U-shaped notch, J increases up to a constant value when the closed contour fully embraces
the semicircular notch root. Theoretical prediction for J based on Creager–Paris’ equations, valid in strict
sense only for parabolic notches, gave an error of less than 4% with respect to the ‘exact’ numerical value
obtained by Livieri (2003).
• In the case of blunt V notches the theoretical predictions for J based on the approximate equations for V-
notches due to Filippi et al. (2002) have resulted in a very good agreement with FE results. The ratio EðeÞ1 =J
versus Rc is not a linear law as happened for sharp V-notches. There exists a slight ﬂuctuating trend due to
the presence of two elliptic integrals in the expression for J. However this oscillation rapidly decreases as the
notch opening angle 2a increases and vanishes when the opening angle is large enough.
4644 F. Berto, P. Lazzarin / International Journal of Solids and Structures 44 (2007) 4621–4645Some elastic-plastic analyses carried out with 2a = 135 and a material obeying a power hardening law,
conﬁrmed that E1/J versus Rc can be represented by a linear law. This angle is typical for welded joints with
failures initiated from the weld root.
Two sets of experimental data taken from the literature have been considered. They summarised static fail-
ures from specimens made of PMMA and weakened by U-shaped notches with a notch tip radius ranging
from 0.2 to 4.0 mm. Theoretical predictions based on the constancy of the mean value of the strain energy
density W have given very good agreement with experimental results. It was shown for that material and those
geometries that W  J=arcðAB
_
CÞ where the arcðAB
_
CÞ strictly depends on Rc. This means that there exists
an interesting link between the J-integral, the strain energy in the control area and the material’s property Rc.
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